


The singmodel

There is no exact solution to the dipole model.

This is whey , in 1920
,
Lenz proposed to symplify the

problem in the form

H = - ]zSisj-hSi
where Si = 11 Vi

He asked Ernst Ising ,
his PhD student

,

to by and find
solutions to it

.
We are going to look at them and see what we

learn
.

Man-fieldsolution

Let's take the product sisj,
which is one of the causes

of the non-solvability of the Ising model (at least , not easy

solvability) .

We can rewrite it as :

SiSj = (Si- <Si))(3j- <j)) + <Si]Sj + <SjbSi- <z(j)

and then claim that the fluctuations around the averages
are negligible .

Thus

SiSj(Si > Sj + <Sjsi- (Sixsj)



We insert this in the calculation of the partition function :

BJSisj + BhSi
En=e T

↑
Lattice of
N Spins

↳
S = 1)

,
Se = 1), ... Su = #

m=<Si > Fi
-
-

~
[m + Bm(Si +Sj) + Phsi

=

ESib bordination
↓ number

NOTE : 2 m2 = EN m2

[i
,j>

= -BNn eBazmi=>

= e-
B]Nm

?

[teB(3zm+ h)Si
-

ESi3 i

=
-B]Nm2 cosh[B(1zmh)]* = En

Then the free energy is

En = - kgThZn = -RTN-BJm2 + hz + hosh)(3zm+2)])
Textensive



Let's find the magnetization

m +- [-kTNhucosh(b(3zm +2)]] =

=Tirzm = tamhzzmI

case h =0 (spontaneous magnetization ; cast h to similar to

the stope at the origin is
Curie-Weiss(

tanh(x) = x-x

=> tanh (B7zm) = Byzm

· If BJz/1 only intersection

is in 0 = no magnetizationftent if
T >T=

· If BJzX1 there is a

second intersection m

(TSTn)

m
* (and-m * by symmetry) is stable under iterative

solution
.

We are soon going to see that it is themodynamically
stable

.

Sanity check : meo
,
TaTe

↓
m = tanh (BJzm) = BJzm-5zm)3

= 3(1 - Byz) = -BJz(B]zm)



Then

- =13
as for

= ~= (TCarie-Weis

-
-T

Now we more back to the free-energy :

Fr = - RigTNG-BEm + Ma + In cost (B) zm +h)]

Let's Taylor expand it for m small (close to Tc
, he 0)

*-koTNGBm2 + m
.

2 + h [2 + = B (3zm+ 2)+

+ (gzn +h)9]}7

=-kTN[-Bm2 + mm + 52(yzm +h) +

+ /jzmth)-+ (3zm +h(} =



=-kTN[-Bm2 + mm + 52(yzm +h) +

+ /jzmth)-+ (3zm +h(} =
das not depend

↓ ou m : ireferent

=Nm2hjzmyzhm-
-( z m) + + 33(jzm)4] =

=N2(2 -Byz)m2 - Byzhm + + 37(37)3m}

At last :

Fn = NJz[()m2+ms-m?
because T= Tc

overall irrelevant

.

At very last
:

but a good reminder
that at it a only
entropy matters
-

Fr = NET)m+ mb-uh-F2]
-

natural energy
scale for the

system close toTo



Let's study it graphically :
↓At

· T>Tc Fr I
N

SN↳
ms-hm

-
uf

↑ -hm (hso ,
otherwise in the other direction)

the in thatminimizes the free energy
is shifted to the right

to
search for the equilibrium i

↓TLT
AT> O

= kNm -
h + + 3) = 0

m small (close to Tc) so m3 is negligible,

=> m Two worries about AT= o :
T= To has a special
treatment]

and m = o if =o



·
T= Tc

For = ETc NG - hm+ ma]
Fr

- Im
: very flat at

the
origin

-enti
-
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justlike
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-reiss !
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= -h+ m

· T Tr
A

-hi I Y

A
ja ↳ (TC : ATCO)

-h

If we neglect higher order terms (ms) then

= RN[-h+ ] ==
P

but it is a

The minimum of the free energy are
maximum of

for m = 19 : non-physical
the free energy !



We must this include und

+

->-hW
-------

F --------
·

m

↳ -hun

proportional to h

=R-
Let's start from h =0

DT so

↓
m + =m =0 = (non-analyti

What about the dependence on h ?

Let's work perturbatively (since his small) :

m = m
*
+ 2h where < is a

coefficient
!

Then

= NoT(m+)+m+ 3m - =
↳ neglect higher

order terms

=m+m + ah +3) - h =0
3

-

=o because

un
* satisfies this

equation #D
Thus m* is changed proportionally to h



Careful : this holds if into otherwise the expansion is the one that
-

directly gives h13

Now let's go back to the free energy :

DE <N
,
which implies that

·
W it is finiteI

Is any of the two states

stable ? Infinitely so ?

Intuitively , the dynamical switch between the two takes

place over a timescale proportional- to N

/ot
z = 202

Any finite system will switch if we wait long enough !

Only an infinite system is going to reside infinitely long in

one state
.

We are talking here of :

1) spontaneous symmetry breaking :

there is no reason for the system to choose one

state over the other : infinitesimal fluctuations,
small h

2) thermodynamic limit (N-) : Symmetry
breaking is stabilized (also : ergodicity breaking

:

not all states are visited anymore)


